Infinite Sequences

An infinite sequence, or just a sequence, can be thought of as a hist of numbers written in a

definite order:

@y, a9, @3, @gy «n., O, -.

The number a, 1s called the first term, as 1s the second term, and in general a,, 1s the n th term.

We will deal exclusively with infinite sequences and so each term a,, will have a successor a,
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0 If we let a, be the digit in the » th decimal place of the number e, then {a,} 1s
n } { 2.3 45 } a sequence whose first few terms are
1 ¥ ] . I
n+17n=1 3 4 5 6 [7,1,8, 2 8 1,8, 2, 8 4, 5,...}

The Fibonacci sequence { f,,} 15 defined recursively by the conditions
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{1, 1, 2, 3, 5, 8 13, 21,...}
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A sequence {a,} has the limit L and we write

lim a, = L

TE— 0

or

a, — L asn — oo

1f we can make the terms a, as close to L as we like by taking » sufficiently large. It
lim, ,, a, €xX1sts, We say the sequence converges (or is convergent). Otherwise, we say

the sequence diverges (or 1s divergent).



4. PRODUCT LAW lim (a,b,) = lim a, - lim b,

lim a,
an n—oo
5. QUOTIENT LAW Iim — = it lim b, Z0
b, lim b,
n—00 N—00
D

POWER LAW lim a, = | lim a,| ifp>0anda, >0

n—oc n— 00



SQUEEZE THEOREM FOR SEQUENCES If a, < b, < ¢, fOor n = ng and

im o, = lim ¢, = L ,then lim b, = L .
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Find lim




Is the sequence a, =
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convergent or divergent?






Calculate lim
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Determine whether the sequence a,, — (—1)" is convergent or divergent.
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Discuss the convergence of the sequence a, = n!/n" , Wheren!=1-2-3---. - n.
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For what values of r 1s the sequence {r"} convergent?
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A sequence {ay} 15 called increasing if a, < a,,, for alln = 1, thatis, a, < ﬂg “ag < -

1s called decreasingifa,, > a, ; foralln =1. > V"‘ ol 2
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A sequence 1s called monotonic if it 1s either increasing or decreasing.

Example 13 — X 2

. ya /,() 2
Show that the sequence a,, = 1{decreasing. (X - ‘
n’+1

\ X / )'"><240
x*l) = - %% 2
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A sequence {a,} 15 bounded above if there 1s a number M such that

an = M foralln =1

4 sequence 1s hounded below if there 1s a number m such that

Y

m = a, foralln =1

t a sequence 1s bounded above and below, then it 1s called a bounded sequence.

Every bounded, monotonic sequence 1s convergent.

In particular, a sequence that i1s increasing and bounded above converges, and a

sequence that 15 decreasing and bounded below converges.



